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00:15

OPENING CREDITS

00:40

HOST:

It is often said that Mathematics is a universal language. No matter where we
are or who we are, regardless of culture, country, gender, race, or even
religion, certain mathematical principles remain true.

00:54

HOST:
For example, 100 can always be reduced to its basic building blocks of 2's and
5's no matter what language it is that we speak everyday.

01:04

HOST:
Mathematics is indeed a language common to all of us on planet Earth,

01:08

HOST:

...and the most fundamental letters of its alphabet are called the primes.
These numbers have the very unique quality of being divisible by only
themselves and one.

01:18

HOST:
They can't be factored any further, and as a result, they're often called the
“atoms of arithmetic.”

01:25

HOST:

Prime numbers are so fundamental and mysterious that they have intrigued
human mathematicians for thousands of years. Are they so fundamental that
other intelligent beings in the universe might know about them too?

01:41

HOST (V.0.):

In the 1960’s, SETI, suggested that if there are other intelligent
beings out there, they might share the language of mathematics
with us.

01:50

HOST (V.0.):

SETI relied on the idea that math is so fundamental to how we
describe the physical universe, that other beings might see the
universe through the same lens —and if we shared this common
language of Mathematics then the Prime numbers, those “atoms of
arithmetic”, might be used as a basis of interstellar communication.

02:08

HOST (V.0.):
In 1974, at the Arecibo radio telescope in Puerto Rico, astronomer
Frank Drake beamed a message into outer space.

02:17

HOST (V.0.):

The message consisted of 1679 binary digits. Drake chose 1679
because it's a semi prime, the product of two prime numbers, that
can only be broken down into 23 and 73. Drake arranged the bits in
such a way that, when viewed as a rectangle of 73 rows and 23
columns, it would read as a pictogram that included,

02:41

HOST (V.0.):
...the numbers one through ten, the DNA double helix, and the
Earth’s solar system.
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02:46

HOST (V.0.):

On Earth, at least, we use math to explain everything from
microscopic DNA to the mysteries of outer space. And while it's a
language that might connect us to intelligent life from another
galaxy someday in the future, today, it certainly connects us to each
other across cultures and continents - and even to our ancestors
from the past ...

03:07

HOST:

Now this is a replica of the Ishango Bone, which originated in Central Africa
some 20,000 years ago, and it's thought to be one of mankind’s first tally
sticks -- a simple device used for counting.

03:19

HOST:

In its use of notches to stand in for objects or instances, it becomes one of
the first examples of abstract thinking. But even more, the columns of
asymmetrically grouped notches suggest that early humans had a
mathematical understanding that went beyond mere counting:

03:35

HOST (V.0.):

The notches on both the left and right columns are all odd nhumbers:
9,11, 13,17, 19 and 21. The numbers on each of those columns add
up to 60, and the numbers in the central column add up to 48. Now
60 and 48 are both multiples of 12, perhaps indicating an
understanding of multiplication and division.

03:56

HOST (V.0.):

But perhaps more intriguing is the fact that the numbers on the left
column are all primes. 20,000 years ago, someone may have
recognized these numbers for their uniqueness.

04:07

HOST:

Did early humans know what made the primes special? Now most historians
agree that ancient cultures seemed to appreciate numbers for their utility in
things like commerce, agriculture, and calendars. But the idea that numbers
could be interesting in and of themselves seems to be something that
emerged relatively late, some 18,000 years after the Ishango bone with
classical Greek civilization.

04:31

HOST (V.0.):

Scholars like Pythagoras, Aristotle, and Euclid: they were the first
“pure mathematicians” -- who, beginning around the 7th century BC,
began to explore numbers for their own sake.

04:43

HOST (V.0.):
In fact, the word "mathematics" comes from the Greek mathema,
which means learning.

04:47

HOST (V.0.):
And the word “calculation” is from the Greek: “Khalix” — meaning
pebble, and from that we get “calculus”

04:54

HOST:
Some of the Greek’s most complex and abstract explorations began with
something as simple -- and tangible -- as a handful of pebbles:
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05:05 HOST (V.0.):
Any whole number can be represented by a corresponding quantity
of pebbles. And one way in which the Greeks classified numbers was
according to the shapes that could be produced with their pebble
pile equivalents.

05:16 HOST (V.0.):
For example, if a number of pebbles could be arranged in a square,
that number was called a “square”.

05:21 HOST (V.0.):
Thus, with the sides being equal, a number times itself, as we know,
is said to be “squared.” Three rows of three pebbles; 3 X 3 equaling
9. That's not a bad example.

05:33 HOST (V.0.):
So most numbers, even if they couldn't be shaped into squares,
could at least be represented by rectangles, where by rectangle we
mean only those that have more than one pebble in each dimension.
For example, take the number 12. It can be represented by
rectangles that are either 2 rows of 6 pebbles or 3 rows of 4 pebbles,
so that the height and width of these boxes actually give us a
visualization of a basic multiplication problem

06:00 HOST (V.0.):
Since a rectangle has length and width, the number of its pebbles
represents both the rectangle itself and the answer to a
multiplication problem

06:09 HOST (V.0.):
such as 3 times 4...

06:11 HOST (V.0.):
But notice that certain quantities of pebbles just don't fit in a box! If
you're trying to make one of these so-called "fat" rectangles out of a
number like 11 or 13, something is always left over. So a nhumber
like 11 or 13 can never be the answer to a multiplication problem
other than one times itself.

06:30 HOST (V.0.):
This ends up being true for many numbers: 2, 3, 5, 7, 11, 13, 17,19,
on and on it goes.

06:39 HOST (V.0.):
Today we call these nhumbers, "prime numbers." and like any kind of
surprising discovery, be it a strange kind of bird or a flickering star
in the sky, once its identified, it needs to be investigated.

06:44 HOST:

So it was Euclid, The man that most of us think of as the father of geometry,
who first recorded the properties of the primes. His investigation of the
primes begins with what we call the "Fundamental Theorem of Arithmetic,”
and this states that every natural number greater than 1 can be written as a
unique product of prime numbers. We call these prime numbers it's prime
factors.
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07:15

HOST (V.0.):
For example, twelve is the product of 4 times 3.

07:18

HOST (V.0.):
And this can be further reduced to the prime factors of two times
two times 3.

07:23

HOST:

Likewise, a number like 1200 is the product 3 times 16 times 25, and this can
then be further reduced to: three times two-to-the-4th-power times five
squared

07:36

HOST:

Thus, the fundamental Theorem of Arithmetic establishes the importance of
prime numbers as the basic building blocks of any positive integer. This is why
we call them the, “Atoms of arithmetic.” So then, Euclid goes one step
further, and that's the point, having identified the prime’s we can now ask
questions like, how many of them are there? And what Euclid proved is that
there are an infinite number. So, let's see how he did it.

08:01

HOST:

Euclid’s proof of the infinitude of primes shows that if we multiply together
any finite collection of primes and add one, the resulting sum is not divisible
by any of the primes that we start with. For example, multiply the prime
numbers 2, 3 and 5 and then add 1. The result is 31. A number which can’t
be divided by either 2, 3 or 5. But in fact, 31 is itself prime so we discovered
a new prime humber!

08:30

HOST:

If we continue down this path, and use the primes 2,3,5 and 31 to create a
new number, this time we get 931 -- which also cannot be factored by any of
the primes we used to create it. As it turns out, 931 is not a prime. It can be
divided by both 7 and 19.

08:49

HOST:
But guess what? We have just discovered two new primes.

08:52

HOST(V.0.):

So, even if the output of Euclid’s formula is not itself a prime
number, any of its factors must be new primes. Now you might
notice, however, that Euclid’s method doesn’t give us prime
numbers in the order that we'd expect. In this example, it skipped
over the primes 11, 13, and 17.

09:09

HOST (V.0.):

But, his method does show us that out of any list of primes that we
used to make a number, by Euclid’s method, there’s always another
waiting to be found. Consequently, the list of primes must go on
forever. There must be an infinitude of prime numbers -- each one
larger than the next!

09:26

HOST:

If we keep repeating Euclid’s method, multiplying all the primes that we have
at any point and then adding one, and then looking for new primes, we
always end up with these kinds of gaps.

Mathematics Illuminated
Produced by Oregon Public Broadcasting for Annenberg Media © 2008




09:37

HOST:
7919 turns out to be the one thousandth prime number. And here’s a prime
that appears much later down the number line:

09:44

HOST:
But what about those skipped numbers?

09:48

HOST:

Euclid’s “Proof of the Infinitude of Primes” doesn't provide a systematic way of
finding all the prime numbers. But, one hundred years after Euclid, another
Greek mathematician, Eratosthenes, tried to find one:

10:00

HOST:

Eratosthenes designed a simple algorithm. That is a set of well-defined
instructions or a kind of mathematical recipe -- that sifts out composite
numbers from prime numbers. It came to be called the “Sieve of
Eratosthenes” and here’s how it works:

10:17

HOST (V.0.):

Suppose we wanted to find all the primes less than or equal to 100.
So beginning with 2 we work our way through the numbers in the
following fashion. We keep the first prime that we encounter, 2, and
then delete every multiple of two in the list. 4, 6, 8, 10, 12, and so
on. They all disappear. Then we go back to the beginning of the list.
The first number that wasn’t deleted is three and it's a prime
number. And then we work through the list again. This time
deleting all the multiples of three. Then we go back to the beginning
and the first one we see is five, also a prime, not divisible by either
two or three. So using this processes all but the primes are
eliminated. And you have discovered every prime in the list up to
one hundred.

11:04

HOST:

But remember, there are infinite number of primes. And the Sieve of
Eratosthenes is a pretty tedious and time-consuming way of finding them. Is
there a better way? Could there actually be a formula that produces prime
numbers? That's the sort of thing mathematician’s love to play with. Are
there better ways to do things? Formulas to make things? To play with
ideas, twist and turn the numbers around, looking for patterns that might lead
to an understanding of something as mysterious as the primes.

11:30

HOST:
So what if we played with a pretty simple pattern like the “doubling
numbers?” Powers of two: 2, 4, 8, 16, 32 and so on?

11:39

HOST:
These aren’t primes but could we do a slight change to turn them into a
prime? Like maybe subtracting 1 from each?

11:47

HOST:

Well, let’s take a look. If we do that, we see that a lot of the resulting
numbers that we get are in fact primes. I'm not the first person to figure this
out.
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11:55

HOST:
Years ago, in 1644, a French monk named Marin Mersenne was following this
very path when he noticed the same thing:

12:04

HOST

Mersenne suspected that the formula 2-to-the-nth-power-minus-one would
often yield a prime number, maybe even infinitely often -- but he wasn't sure.
And in fact, We are still finding larger and larger, what we call Mersenne
primes today, using his formula.

12:20

HOST:

So now the formula for a Mersenne prime is so beautiful, but the numbers
grow so quickly, that in fact there are hundreds of mathematicians out there
these days searching for Mersenne prime numbers. GIMPS - "The Great
Internet Mersenne Prime Search", is a bunch of, well, prime hunters that link
together thousands of computers all around the world working to find larger
and larger Mersenne primes. But by the year 2006 -- nearly four centuries
after Mersenne -- only 44 had been found.

12:54

HOST:

The 44™ Mersenne Prime, discovered by two mathematicians at the University
of Central Missouri, is 2 to the power of 32,582,657 minus 1. It has nine-
million-eight hundred- and-eight thousand, three hundred- and-fifty-eight
digits.

13:10

HOST:

This is @a number even larger than the number of atoms in the universe! And
it'’s in discoveries like this, and in the ongoing pursuit of even larger Mersenne
primes -- or perhaps proving that no such larger primes exist --- that we find
the joy, the fun, and the beauty of mathematics.

13:30

HOST:

It is truly the one pursuit where it makes sense. And is perhaps even
required, to take your explorations out into the infinite -- where no one has
gone before.

13:39

HOST:

And so, mathematics offers the explorer a kind of freedom, bound only by the
laws of logic, we can pose our own puzzles -- or take on those puzzles posed
by the world around us. Whether large or small, each unsolved puzzle or
problem is like a new mountain to be scaled, a sea to be crossed, or a new
frontier to be explored.

14:04

HOST:

Now, there’s that 44th Mersenne Prime, again. It's amazing that, although we
may have been aware of primes for 20,000 years, so much about them
remains unresolved. Patterns have been observed, but we can't be sure the
patterns continue on the number line out into infinity. We found the 44th
Mersenne prime, but we don't even know if it's the last one or if the pattern
goes on forever. What’s more, the Mersenne primes is just ONE kind of
pattern we can find.
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14:29

HOST:

Now, take a look at the first few primes: we see several examples of "twin
primes" -- pairs of primes that are just two units apart: 3 and 5, 5and 7, 11
and 13. And know we go farther and farther. 827 and 829, 1607 and 1609,
and so on and so on. Maybe. Is there an infinite number of twin primes? That
question was posed by Euclid 2300 years ago, and to this day still, no one has
been able to either prove or disprove his Twin Prime Conjecture.

15:05

HOST:

An infinite number of primes; perhaps an infinite number of twin primes;
small primes, huge primes. Short gaps between primes; some very long gaps
between primes.

15:16

HOST:
The apparent lack of rhyme or reason to the spacing and location of primes is
just the kind of puzzle that fuels a mathematician’s curiosity.

15:25

HOST:

In particular, the primes were of deep interest to one of the greatest
mathematicians of all time: Carl Fredrich Gauss. Born in 1777, itself a prime
number, Gauss was a child prodigy who, at an early age, calculated lists of
primes into the millions. Gauss, by the way, also proposed using mathematics
to communicate with extraterrestrials. But he considered the prime numbers
to be of highest significance, and wrote, “the dignity of the science itself
seems to require that every possible means be explored for the solution of a
problem so elegant and so celebrated.” Gauss would be the first person to see
that the seemingly unpredictable occurrences of the primes actually had a
beautiful and succinct description.

16:13

DAN ROCKMORE:

So a modern day mathematician who can help us figure out what Gauss was
getting at is our own Terry Tao. So, Terry is a professor of mathematics at
UCLA, a recent recipient of the Fields Medal, which is mathematics highest
honor and also a recipient of a MacArthur Genius award. So, and in fact,
Gauss who was called the “Prince of Mathematicians”, well, Terry’s not a
prince but he has been called the

“Mozart of Math.” So, Terry, thanks for coming and helping us learn about
prime numbers.

16:38

TAO:
Thanks, so it's funny I'm called Mozart because I'm terrible at the piano.

ROCKMORE:

So, Terry I know that the primes are a deep an abiding interest of yours and I
think they are for a lot of people because on the one hand they seem like
they just occur arbitrarily as we go along the number line. Though in the
beginning there sort of closely spaced and then as we start whizzing down to
the end of the number line. In fact they're farther and farther and father
apart. And it would seem like that they might not be able to be explained at
all. And a, but in fact we know that there is structure there, right?
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17:02 TAO:

Right. So, we can't predict individual primes very well, like if you have a
sequence of primes whizzing by, we don't know, like whether the next
numbers going to be prime or not prime very easily, but in aggregate, you
look at statistics of the primes. You look at how many primes there are up to,
some, some, number like up to 1 million. Even when it's hard to tell which of
those numbers is prime we can actually count, in aggregate -- a pattern
emerges.

17:34 ROCKMORE:

The idea of using statistics is, in fact, or probability, so to speak, is an old one
and goes back to Gauss who's actually able to show if you start to graph how
many primes do we have up to a point. So, how many primes are there less
than 100 or less than 1000 and so on and so forth, that you get this, as we
see here, this jaggedy -- what we call a step function. Estimating the number
of primes but on the other hand, when we step back, then what happens?

17:58 TAO:
Right, well then the curving is much more continuous, in fact it converges to a
very exact and beautiful curve given by the natural logarithm function.

18:08 ROCKMORE:
And Gauss, Gauss predicted this but in fact he didn't prove it.

TAO:
No that had to wait until about 200 years later, I think, to be proven.

ROCKMORE:

So this, so this very smooth curve is now sort of canonized In what is called
the prime number theorem but in fact we now know today that it doesn’t go
quite far enough. It's an estimate but you could do better and doing better
was what was in the mind of a student, who was at the same university were
Gauss was teaching, Bernard Riemann. Is that right?

18:36 TAO:
Yes, yes, So Riemann studied an error between the jagged function which
counts the primes and this smooth curve.

ROCKMORE:
That's right, so the smooth curve again is some approximation but the actual
number, it's not getting right generally.

TAO:

Right, it's either above or -- overshoots or undershoots, and so there's this
funny error that you have to understand. And what Riemann -- the great idea
basically of viewing this funny wave, kind of like a sound wave, looking for
like sine-like frequencies, or musical notes, if you will, in this -- in this sound.
And the sound is what's called the music of the primes.
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19:12

ROCKMORE:
Your work is actually finding what I think most people would recognize as real
patterns in the primes, related to the notion of twin primes.

TAO:

Right, so twin primes are a very simple kind of pattern in the primes, primes
that are just a distance of two apart, and we still can't even find those. But
working with Ben Green, we were able to prove that there were these other
type of patterns in the primes, these arithmetic progressions.

19:35

ROCKMORE:
So that's primes that are just regularly spaced.

Tao:

Right, so a sequence of primes where, yeah, the spacing between each prime
and the previous one is the same. Yeah, and so what we were able to show is
that we can find progressions, arithmetic progressions, in the primes of
arbitrary length. So you give me any number like 100, Somewhere in the
primes there will be an arithmetic progression of 100 primes where each
prime -- the distance between each prime and the previous one is exactly the
same.

Tao:

I can't tell you what the spacing is, I can't tell you where the progression is,
but I know that somewhere out there is a progression of primes. In fact,
there are infinitely many progressions of primes of any given length.

Tao:

It's like if you want to demonstrate that there are boxes -- there is something
in a box. You can open it and look at it or you can weigh it and compare that
to the weight of an empty box. And if it's larger, you know that there's
something in the box, but it doesn't tell you what it is, how to find it. So that's
kind of what we do.

20:30

ROCKMORE:

Right, exactly. So this was a totally outstanding result, and what was it like to
be working on a hard problem? I mean, when you started off did you say,
"This is the problem I want to tackle. It's a hard problem and I want to tackle
it."

Tao:

Well, it's a problem that everyone knew about -- and so there's a lot of much
simpler problems related to that problem. So mathematics is kind of like
climbing a cliff. You know, there are these really high points that you want to
get to so you can enjoy the view, but there's a lot of sort of much lower
places you have to get to first. And so we didn't try to do this problem.
Initially we were working on much simpler things.
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21:03

ROCKMORE:
You just wanted to take a short hike initially, that was all.

Tao:

Yes, and at some point we made this breakthrough and we discovered that
this path which could keep going up and up and it could actually attack this
problem. And once we realized that, we sort of dropped everything else and
we worked on that for six months. And everything sort of came together very
nicely. And all the things that we've been working on semi-related all came
together. So it was actually very satisfying.

21:13 ROCKMORE:
Absolutely. So this has been a lot of fun. So thanks a lot.
Tao:
Okay, thank you very much.

21:30 ROCKMORE:
Some 20,000 years — since the Ishango bone and now 2,300 years since
Euclid — the pursuit of the primes has not ended. Number theory in general,
and the study of the primes in particular, has often been seen and continues
to be seen as the canonical example of pure mathematics — math for math’s
sake. In other words, done for no other reason than to climb the mountain.
But still, the search has resulted In some practical applications: like
encryption:

22:00 RAY PERLNOR:
My job focuses on protecting you

22:02 PERLNOR:
Encryption is a way of mangling data so it's recoverable if you know a secret.
The problems I work on vary a lot. Sometimes I do cryptography type stuff
where I'm looking at a very specific attack and analyzing it from every
possible angle, every possible variant to see if there are any circumstances
under which that attack will cause a problem. A lot of private data is sent on
the internet - credit card numbers, bank numbers, social security numbers-
any of that which got out would allow the bad guys to do identity theft and
cause a lot of trouble and can lose you a lot of money.

22:42 PERLNOR:

I'm Ray Perlnor, I work in the information technology laboratory at NIST, The
National Institute of Standards and Technology. NIST has been setting
standards in cryptography for over 25 years. So here is the crypto lab and in
here we do a variety of software testing on both encryption standards and
operating systems and anything else that might be security sensitive. Here is
an antique from 1980, older than I am. This implements the NIST data
encryption algorithm. We don’t need this machine because any desktop or PC
can do the work that this used to do. Because the algorithm implemented by
this machine is a secret key algorithm, in order to use it, you need sender and
recipient to share a secret, which in general is not true of any two computers
that you pick randomly communicating using the internet. This is where
public key cryptography comes in.
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23:42

PERLNOR:

Public key cryptography is a product of prime numbers, n=pq. In addition to n
will be a public exponent, e. With public key algorithms, only the recipient
needs to know a secret and the recipient just needs to securely get the public
key, which explains to the sender how to encrypt data so only the recipient
can read it. E can be set pretty much to anything as long as it doesn't divide
p minus 1 or g minus 1 Three is a common choice, 17 is common, 65,537 also
very common. Primes are important because the two hard problems that are
the basis for all public key cryptography are the discrete logarithm problem
and integer factorization. Integer factorization is just where you take a large
number that’s a product of two large primes and figure out what the two
primes are without having prior knowledge of that. If you can figure out what
the two primes are, you've broken the algorithm. In order for the bad guy,
given only the public key and possibly some signed messages or matched
pairs of plain text and cypher text. The bad guy should only be able to factor
the number if he’s capable of doing two to the 80" operations, which is
approximately a trillion, trillion operations. That is considered infeasible. This
has been some of the most interesting work I've been involved in—lots of
problem solving. It's exciting to me because you take a look at these
problems and first looking at them, you have no clue where they are going to
lead, then you have some kind of an insight and suddenly it all makes sense.

25:35

HOST:

Can we expect that codes based on prime numbers might be routinely broken
in the future as technology and our understanding of the primes advances? Or
have such encryptions already been broken by someone out there? Assuming

that such intelligent life exists, are prime numbers indeed so fundamental that
other life forms would understand them?

25:54

HOST:

Some scientists argue that humans and extraterrestrials might be so different,
that their biology, culture, history and even sciences would provide no basis
for communication. While we use math to describe the universe, their models
of reality might differ drastically from ours. What if they don’t count?! What
if,...

26:13

HOST:

...to them, prime numbers are simply ... the color blue? But to us humans,
mathematics is a common language fundamental to how we describe the
world around us. With it, mathematicians are unlocking the secrets, breaking
the codes of the cosmos.

26:29

HOST:

Yet in many ways, prime numbers -- the very building blocks of this
mathematical language ... those atoms of arithmetic ... remain as mysterious
to us as the farthest galaxy. Which makes mathematicians the real explorers
of the universe -- on a journey that began 20,000 years ago, and will never
end....

26:49

CLOSING CREDITS
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